*p 


I I T, KANr 

CENTRA L .181 

jtmMe.A 19788 

, a^ Jl'’ ' 


"Flv^ . 
"J 5s 1 

V 1 ‘ 


WHtT® 



Certified that the work presented in 
this thesis IS the original work of Mr Eadhey 
Shyam Kaushal carried out under my supervision 

l 

Y E^ Waghmare 
Assistant Professor of 
Physics 


Department of Physics 
Indian InsLitute of lechnology 
Kanpur, India 


iMaw**** 4iw*^**»*****" 

^yM>u^rEorF.« 

J^,„r . t I'h.' v.y»y I'h ) . 

i.ianu.uinc. wit . 

regular I 

Instvuac of tech | 

»4tc4 ^ A;--" — 


i an 

1 t I / ui[>ur 



ACKNOWIEDGEIIINTS 


It a great pleasure to express my indettness 
to Dr Y R Waglimare for his valuahle suggestions, keen 
interest and constant help in all phases of the presenb 
work I am thankful to Professor J Mahanty, Head of the 
Physics Department, I, I 1 Kanpur for kis interest md 
encouragenent I am grateful to Dr G- K*. Mehta, Dr R M 
Singru, Dr V i Deshpande and Dr P K Patnaik for many 
stimulating discussions and suggesbions 

Ihanl s are also due to my fraends M/s K P Joshi, 

M 0 Jain, S K Bose, A K Bhargawa and K P, Singh and to 
my colleague sisters Meera Murthy and I Kakkar for valuahle 
conversations and their help in preparing the manuscript 
I wish to thank Dr D K Sood and Mi and Mrs Tiwari for 
computational help 

A major part of my thanl^s is due to my colleague and 
friend Ir. P Singh whose association made my stay at 

as ploasent as it could have ever been I am also 
thankful to Mr R D Pripathi for his immense patience in 
typing the tire sms, Einally, I thanlrfully acknowledge the 
financial help of Oouncil of Scientific and Industrial 
Research, Hew Delhi, India during the course of this 
work 



i’ABLE OE CONTENT o 


Chap be r 





LIST 

0^’ TABLES 

(i) 


LIST 

OE El CURES 

(ill) 


SYNOPSIS 

(vi) 

I 

INTROLUOTION 

1 

II 

OHARCE DISTRIBUTION IN IIGTJT NUCLEI 

AND III rll EBERGI ELECTRON SCATTERING 

14 


2 1 

Iiitroductioii » 

14 


2 2 

n ir Iroe-Eook Charge Distr^hu bion 

20 


2 3 

ComparjLsoia with the Eg suits oC 
ijlcobron Scattoring 

26 


2 1 

0 cillibor and Eormi ModelJ Lor 

Ghaigo Di 7 . trihuti on . 

35 



2 4-(x Eorm Eactoi for Oscillator 

Didtrihut ion 

39 



2*4h Tnc Relauion Be bweon Harmonic 
OsciilaLor and Eeimi Model 

41 


2 3 

The Form Factor ol 

46 



2 5a A Model for ^Ile 

47 



2 5h Jaatrow Method Comparison 
with HE Results 

49 


2 6 

Coianents and Discussion o£ the 

Eg oults 

54 

III 

uCL 

~’0iTC CAPTURE OE NEGATIVE PIONS 

C I \ NUCLEI 

58 


3 1 

Ii'troduc bion 

58 


3 2 

G-eneral Eornialism 

64 



3 2a Absorption Intiaction 

64 



3«2h Wave functions , 

65 



Chapter Page 

3 2c Calculation of the Matrix 

Elenent . 70 

3 2d Calculation of the Absorption 

Rate 73 

3 3 Emisoion at large Opening Angles 

and the Effect of huclcar- Distortion 79 

3 3a Emission at Large Opening Angles 79 

3 3h Eculeon-Kuclous Eiral btate 

Intone tion 81 

3 4 Application to "^^C HE Model 83 

3 5 Application to ^^C HO Model 97 

3 6 Comparison of the Results 107 

3 7 Discussion and Conclusions 114 

lY SCAIIERIIG OE HIGH ENERGY MUONS ON 

PROION AND IRINUCLEON SYSTELIS . 119 

4 1 Introduction # 119 

4 2 General Expression for the 

Cross Section ♦ 123 

4 3 Muon Scattering 128 

4 3a Muon-Prton Scattering 128 

4 3h Muon Scattering from and "'^He- 134 

4 4 Discussion of the Results - 137 

APPENDIX I ,142 

144 


RrrrREl C^S 



LIST OF TABLES 


number 
II 1 

II 2 

III 1 

III 2 
III 3 
III 4 
IIIfc5 

III 6 

III 7 
III 8 

III 9 
III 10 

III 11 

IV lA 
IV IB 


Oaption Page 

The values of equivalent parameters (of 

Fermi model) obtained for HF charge 

distribution 30 

Oomparison of the results for ^He obtained 

from present calculations with those of 

other authors 51 

Calculated angular distributions of the pn- 
absortion rate (in units of 11 6 F"-^) for 
HF model in various states of the p c pair 
of nucleons and of the residual nucleus 90 

Same as in (III 1) but for pp-absorption 91 

12 

Branching ratios for 0 92 

Mixing coefficients used in the calculations 93 

Separation energies for the p c. pair and 
excitation energies of the residual nucleus 
used in the calculations 93 

Calculated angular distributions of the pn- 
absorption rate (in units of 11 6 F”"^) for 
pure no model in various states of the p c 
pair of nucleons and of the residual nucleus 100 


Same as in (III 6) but for pp-absorption 101 

Calculated total angular dostiibutions of 
the pn-absorption rate (in units of 11,6 F“l) 
for HO model after including various 
corrections due to HO, HD and FSS* 105 

Same as in (III 8) but for pp-absorption 106 

1 2 

Branching ratios R for 0 calculated after 
including the corrections due to HC and HD 108 

12 

Brnaohing ratios R for 0 after including 

the corrections due to HC, HD and FSS 109 

Expert icntal v^lu^s of the proton form 

factors used in the calculations, 129 

Experi le^tol valuer of the trinucleon 
system form factors used in the 

calculations 129 


(i) 



17 2 Calculated values of the soabtering oroas 
section (da/dQ2) and thoir comparison with 
the experimental results at 2 5 BeY/c 
incident muon momentum 132 

IV 3 Percentage contribution of polarization 
terms to the cross section at 3 BeV, for 
different angles o± orientations of the 
proton spin ^ with the incident direction 133 


(ii) 



LIST OL PJ&UEES 


IJ^riLer Cap faioii P a^o 

A R 

2 1 liar lifcc "Pod caar^c dxstiD butions foi ^He, BOy 

and ^ "'O nuclei 2; 

i 

2 2 Oonip -orison of ohargc denjilies fox Pie The 

■^olid line si ows the HP rc oults, ilie dashed and 
doi~dasied iuic '^Iioy-^ the resulc" of Taiie, and 
Herndon (lof 31 ) coire^ponda n ^ To r =0 6 P and 

O 

r^=0 5 ^ rcv-pocuivcl; Pxpor uaental points aie 
fioii P 0 oh Ob al (lof 2h) 2? 

16 

2 3 OompariBon of charge densi bic foi 0 The 

3olid ouivo repro'^enb the re ulb" of HP theory 
ind the dashed curve ropresoibs thoso ohtainod 
from niuccl nor bheory (ref 33) 28 

2 4 Form f ao bor for ^lio The solid curve ropresonts 


bho IP resulb.^ bhc iashed our /e representK^ tho 
resulba of Tang and Herndon (ref, 34) for 
r^=0 6 I', ana Ihe dot-dashed curve ropresonts 

the results of 0/y^ and Lesrio-C (ref 34) 

Exper men bal points of Prosch e b ai (ref 25) 

aiG shown mth errors 32 

2 5 Electron jOc btoring cros^ sectrons by ®Be at 

E=420 Met c ilculabcd m bh the PIP cn iige density i3 

2 6 Ooruparioon of Plartree-PocJr and e eperimenb al 

(ref 22) cro^c see biona for ^^^De at E=300 MoV 34 

IP 

2 7 Electron scatberina cro^s sec bione Toy ~G at 

Ei=420 net oalculabed with the HP charge densjty 
Exporiiaonbal points (ref 19) are shown with 
errors 36 

2 8 Sane as in (2 7) hut for ^^0 37 


IP 

2 9 Form factor for 0 The solid curve is 
calculated vath HP results and bhe dashed 
curve repicaonbs results of Oiofi Degli Atti 
(rof 36) ohtaircd nth Jatrov/ correlation 
Experiuen Co.i poino^ of Oranneli (ref 26) are 
shown \/ith errors 38 

2 10 Equivalence of the Permi and oscillator models 
12 

for G in the limit of small momenbum 

bransfer 45 


( 111 ) 



IL donsziy for *^110 oTota-Liioa lor the Gimple 

'uodel (ccii (2 3b)) fcJ l\/o ocls of ppriiioLci>o 
Our'v^s deioLed by 1 aid air cone '‘pondiiip, to 
bhe first ard tho ocoiici uori o of cqn (2 35) 
for e=-0 23? 2P f L pcrincntil poxnts 

arc froii L’ro^cli eL al (rof 25) 48 

2 12 forn faotoi for obtiinccl foi the uiinplo 

'^'OcIgI (Eon (2 35))loj o\fo ^gI's of pararieters 
Experiiiir ill ol point of Fro cli c t al (ref 25) 
arc slio ^.11 witn errors 5C 


3 1 


2 


KinemaLic o± the fj-iixl stabc for blio reaction 
X(n:“, 2ii)/ 75 


Totxl lis ill ])u tions of Uio pn-absorp bion i ate 

with rcsx)ccL lo cos 0 for C Tlio solid curve 
ropresen is the HP resu]ts$ the dashed and clot- 
daoled curves corre'='pond bo the results of Ohoon 


b ised on J astrow correlation ( ^ 

*^0 ' 

*^.^T,(^b)-l 7 P*”'^) and uho coirelation determined 

on the Dciui of Brucclmor theory respectively 
(ref 71?73) I’hc OAporimenbal points aro from 
(ref 58) with ^^rbitrary Gyporinentol units 
normalized bo tlio HP lesulto it 90° 


95 


5 3 1 ot il di iributionKj of the pp-absorption rabo 

with rrspc.Cb to CO a(S> for ^^0 'flic solid curve 
repreocA ^ the rosultb for IIP riodol and tho 
lashed ou^ve coirosponds to the results for pure 
no modeLj without any collection due to final 
state intoractiom 96 


0 4 


3 5 


Total die uributiono of tho pn-absorption rate 

12 

With ro ppct to OOS0 for 0, using pure HU 

model without an^ correction duo to final 

state interactions Tho e-rpcrinenbal points 

are from (ref 58) with arbitiaiy experimental 

units normalized to the calculated results 

at 170° 102 


12 

Branolxing 3 atio for 0 as a function of the 

oorrolation pciomcter ^ for various* values of 

Tho clashed curves show the results aCter 

incLudina the eCfcct of nuclear- distortion 
corresponding to Hq= 30 MeV 


(iv) 


113 



4 1 Diagroii foi lepton-targut (roxniion) gcatlenng 

to order Jloavy line is diawn for the naebive 

target The blob 1 includes the effects of all 
strongly muer'^cting virtual particles, while the 


blob J2. J-s unluiown 1?4 

4 2 Percentage cortribution of the na s term as a 
fuiictio]! of the incident muon energy E for 
variou'=' values of tho 4-momentun transfer 130 

4 3 Oross ections for muon ind electron scattering by 

5 

H as a function of the scattering angle 0 
E’^periiaoi cal pointo for i scattering are taken 
from ref 93 135 

]■ 1- Samo in (4 3) but for ^He 136 



SYNOPSIS 


In the present work, our main efforts have keen 
to study the charge distrikutxons and wave funotxons for 
light nuclei (a< 16) whioh are oktained from Hartree-fook 
(HP) calculations with realistic nucleon-nucleon interaction 

Phis thesis consists of four chapters# Chapter I 
gives a breif summary of information which one gets about 
the nucleus using various elementary particles as nuclear 
probes# In Chapter II, by means of high energy electron 
scattering the charge distributions of %e, %e, ^^0 and 
^^0 nuclei are studied. For these nuclei, the HF charge 
distributions and the calculated form factors are compared 
with electron scattering data as well as with other theo- 
retical results. In case of ^He, the agreement of the 
calculated form factor with reoent experiments of prosch 
et al is found to be muoh better than the results of other 
authors with modified oscillator charge density for short 

range dyna®±oal correlations# However, the agreement with 

1 9 16 

experiments for 0 and 0 is somewhat poor# A simple 
model, derived from the G-ausslan form, is also used for 
^He charge distribution# As compared to the results of 
some of the authors, this simple model gives somewhat 
better results# Purt3ier, we establi-sh a relationship 
between the parameters of two conventional models (harmonio 



osoillator and Perm!) used foi tiie ohaJJge di strilDuti on of a 
given nucleus In the small momentum transfer limit. In this 
chapter we also disouss the effects of short range repulsive 
correlations in the charge density* 

Chapter III describes the two nuoleon emission 

process following the 71’“- capture in complex nuclei as a tool 

to test the nuclear HP wave functions We derive a general 

expression for the absorption rate in the HP representation* 

Ihe results obtained are used for bhe study of capture 
12 

in 0 nucleus, Ihe calculated angular distributions of the 
absorption rate and the branching ratios are in fairly good 
agreement with the available experimental data. We also 
compare these results with the results obtained by various 
other approaches which have been used to introduce the effeot 
of short range correlations in the wave function of pion- 
oaptunng pair of nucleons. Our results are found to be bette3| 
in some oases, Oaloulations are also done with harmonic I 

oscillator wave functions. In this case we study bhe oorr- ' 
eotions due to various effeobs, in partioxilar those arising 
from (1) short range dynamical correlations, ( 11 ) final state 
nuoleon-nuoleus scattering and (ill) final state nuoleon- 
nuoleon scattering to the absorption rate* It is found that 
the results obtained with pure harmonic oscillator model are 
in reasonably good agreement with experiments* However, the 
correction due to the first effeot increases the absorption 


i mj 



rate where as the oorrections due to last two effects 
suppress the absorption for ■baGk->to~TDacl5: emission (where 
the pion-oapture rates dominate) of the nucleon pair« The 
effect of these corrections on the hranohlng ratio R 
(= 'W(pn^nn)/W (pp-^pn)) is studied in great detail fe 
further compare and discuss these two nuclear (Hartree-Roolc 
and harmonic oscillator) models in the light of pi on-' capture 
results 


finally, in Ohapter IV the scattering of high energy 
muons on spin light nuclei (a^ 4) is studied by using 
generalized Rosenbluth formula The contribution of bhe 
non-negligihle muon mass to- the Rosenbluth scattering Is 
found to be important at relatively low energies and large 
momentum transfers. Further, we compare the calculated 
muon-proton scattering results with the e'^perimonts at the 
incident muon momentum of 2 5 BeV/o, where the contribution 
of the mass term is small. At suoh high energies the possi- 
bility of obtainiang information about muon structure from 
auon-proton scattering is pointed out, Brediotlons of the 
auon scattering on % and %e are also made and the results 
ire oompared with the available electron scattering data at 
elatively small values of momentum transfer. 





GIIjffTER I 


ICTTEOEUG TIOH 


In recent years tlie use ol eleiientary partroleo 
hao 1)000110 an inportanb tool for studying nuclear structure 
physios This is priiiarily hecause of the fact that 
nucleons tolce part in a large nuriher of hasic processes 
The u^e of nucleons and photons to investigate the nature 
of nuclear forces and various other nuclear properties such 
as spin, panties, excitation of nuclear energy levels, 
transition prohahilities etc has already hcen known for 
X long tine A reasoiiaole success is also achieved hy 
using other elenentary particles such as electrons, nuons, 
■jr-nosons, K-nesons, /\ particles etc as nuclear prohes The 
scattering as well as oapturo of these particles hy nuclei 
IS a valuahlo source of infomation regarding the nuclear 
structure Here, we uhnll briefly auniiari^e the pieces of 
infomation which have been obteunod about the nucleus by 
ncans of these prooessos 

The interest in the study of such high enorgy 
processes nay be for throe reasons (i) to inves’tiga'te the 
nucleus itself, or (ii) to obtain infomation on the inter- 
action of elenentary particles with nucleons ahd/or (ill) to 
know about the prooeotile itself 

By boubarding ■^l^.^ent nr'^ portioles on nuclei not 
Liuch con probably be known about the projootilo This is 



2 


for two reasons firstly, the e aot nature of nuclear 

forces IS not known, secondly, tho inaoouracios involved, in 

tho neasurenent of nuclear size by other noans, nay be ooiipa- 

rable to that of tho size of the projectile# lor the known 

proj ootile-nucleus inboraotion, however, blie nucleon or a 

few nucleon systen target whose si^o is sonewhat accurately 

known, oan be helpful to sone extent in this respect 

1 

Recently, sone such abteupts have been i ade to extract tho 

i" 4 

pion forn factor fron ix - Ho scattering In those attenpts, 

one essentially, eliinnatos the charge syuiiotrio strong 

interaction of pion with tho nuolous by oonpairng the 

L ~ 4 

scattering cross sections for % and tc on He Ihe renaming 
electronagnetio scattering would then provide the rnfornation 
regarding the pion fori factor Another oxaiiple of this 
case IS the nuon-proton scattering which wo shall discuss in 
Chapter IV in detail 

By honbarding olenentary particles on nuclei, soiio- 
what nore inforuation can be extracted on the interaction 
of the projectile with nucleons A speoifio exaiiple of this 
is the study of hypernuplci which is a source of infomation 
concerning the weak and strong interactions of hypeions with 
nucleons High energy processes can provide a /\ particle 
(the lightest hyperon) which nay be absorbed in a nucleus 
Ihe fact that f\ particle is distinguishable fron nucleons 
and IS not hindered by the Pauli principle fron occupying 
any of the levels in that nuolous, oan reveal the nost 
oharactoristio features of hypemuclei In a single particle 
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picture of the nucleus, the core of (A~1) nucleons acts as 
the source of an average potential for bhe A Ihe shape of 
this potential is determined hy the nuclear density distri- 
hution and the A-N interaction It is the problem of 
hypernuolear spectroscopy to relate the properties of 
hypemuclei to the basic interactions and to reveal the 
nature of the latter In the last few years such studies 

Q 

have been made for a large number of nuclei It is found 
that the A-^'U-olear interactions although strong, are rela~ 
tively weaker than the N-h interaction After the much 
improved low energy A-p scatLering data have become 
available-'^ the difference between -nuclear interactions in 
hypernuclei and the free A~]I interaction ha^ become of 
particular interest 

The nonmesonic decays of A~liyi>6rnualei leads to 
new information on the weak decay interactions of the 
A -hyper on One such decay is 

( ^ + H) — ^ N + N 

which is effective only for A particles in the presence of 
nucleons. There is no satisfactory evidence so far for 
leptonic decays of hypernuclei 

Thus, the main interest at present is in the study 
of nuclei using some known form of the projectile-nucleus 
interaction. Further, the nature of this interaction is 
responsible to some extent for bhe types of information 
which one gets about the nucleus If this interaction is 
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eleotromagnetic, the eleotroinarLetic properties of nuclei e g 
charge and current distributions, electromagnetic trajisi- 
bions etc oan he studied On the other hand, one can learn 
about the nature of nuclear forces, nuclear density etc by 
using strongly interacting projectiles It should be noted 
that, while one is looking for the properties which arise due 
to strong interactions, the effects due to electromagnetic 
interaction can either be neglected or a correction be made 
for them, since latter is much weal or ( 1 / 137 ) than the 

former 

Before coming to the particle^ of interest for the 
present work, mention may be made of IC~mesons (kaons) The 
use of kaons in probing the structure of oomplen nuolei is 
mainly attributed to K~mesio atoms The study of such atoms 
oan give the information about correlations among nuoloons 
Bor instance, a kaon interocting with a nucleon leads to 
a reaction 

K H h > J + n 

If, however, another nucleon is available in the vicinity, 
the reaction may follow in a nonpionic pattern 

K + h 4- h 3, y + N 

The relative yield of nonpionic to pionio K- absorption in 
nuclei provides a measure of two*nuoleon correlations in 
nuclei Brom the experimental point of view, the data avga^- 
able^^ from nuclear emulsion techniques are less accurate and 
insufficient in order to study the nuclear correlations 
However, these experiments show that about 20 /o of all 
K-absorption at rest goes through this nonpionic raultinucleon 
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capture Theoretic ally, somewhat stronger nature of K~I 
interaction gives nse to the complexity of reaction 
mechanism 

The study of K-mesio atoms can also throw some light 
15 

on the nuclear surface This is due to the fact that the 
nature of kaon- nucleus interaction allows the absorption 
from orbits of high n~values Since, the nuclear density in 
the extreme tail region is affected by the presence of 
strongly interacting kaons, which again complioabes the 
process, the study of nuclear surface from K-mesic atoms 
still remains an open (question 

In this work we shall confine ourselves to the 
study of a few nuclear processes involving electrons, muons 
and TC-mesons (pions) Though, a detailed survey of earlier 
work on these processes is given in uhe respective chapters, 
a few more relevant points can be mentioned here for the 
sake of oompleteness 

During the last fifteen years, the scattering of 
high energy electrons (elastic as well as inelastic) by 
nucleons and nuolei has been extensively studied^®""^"^ It 
has been the most successful method of investigating the 
structure of such targets This is because of the •'fact that 
electron-nucleus interaction is purely electromagnetic ahd is 
well studied compared to other known interaobions Further, 
the electron beams of sufficiently high energy are now 
available For the elastic scattering, the electrostatic 
interaction strongly dominates so that it becomes possible 
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to learn atout the distrihntion of protons in the nuclens 
Details of this point will he discussed in the next chapter 
The sensitivity of proton distrihution is governed hy the de 
Broglie wave length of the incident electron of energy E, 
which IS given hy 



Thus, in order to become sensitive bo stiuotural details one 
must use elocbrons of several hundred of MeV 

The study of muonic atoms also gives information on 
the distribution of nuoloai charge Negative muons, which 
get stopped in matter are captured in atomic orbits and as a 
result of successive transitions the emission of muonic 
X-rays tales place. Because of the larger muon mass (compared 
to the electron mass) these X-rays arc about 200 times more 
energetic (and orbits are smaller by the same factor) than 
the corresponding electronio oase Thus, muon gets a ohance 
to •'Observe’ the nuclear sise The measurement® of 3B 2P 
and 2P — ^ IS spectra provide sufficient information to deter- 
mine parameters of nuclear charge distribution (see section 
^ (2 3)) for spherical as well as for deformed heavy nuclei 
In case of light nuoloi, the probability of penetration of 
muon into the nucleus, oven in IS oxbit, is small Therefore, 
suoh moa'^'urpmont can boll more abohb hto distribution of 
nuclear charge in bhe suif ioe region rather than in the 
central region 
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The choice of muon is a high energy projectile on 
nucleons and nuclei is as useful as electron for revealing 
the 'structure of such targets In addition to the fact 
that more intense muon teams from pion decay have now become 
available, muon offers soveral advantages over electron 
firstly, they come naturally polarised Secondly, because of 
larger muon mass compared to elec bron bhe radiative correc- 
tions become negligibly small The philosophy of recent 
studios on muon scattering 1“^ to compare Lhc results with 
corresponding electron scattering measuremenbs at high momen- 
tum transfers in order to detect possible structure effects 
which would distinguish the scattering particles, lo 
significant difference between the electron and muon scatter- 
ings on nuclei has been found experimentally, at a given 
value of momentum transfer"^ However, bhc scattering of muon 
by proton for large values of momentum transfer can reveal 
this difference We shall discuss this point in detail m 
Chapter lY 

The excitation of nuclear energy levels by the 
inelastic soattering of oleobrons from complex nuolei provides 
a convenient means of studying dynamical aspects of nuclear 

O 

structure By means of this prooeso one oan. sbudy the 
properties of excited states of nuclei, in particular their 
spins, panties, and the strength and structure of trhe transi- 
tion operators connecting the ground and excited states 
This is also a powerful tool for tho study of t\/o-body and 
higher order correlations among nucleons inside nuclei These 



8 


correlations are related to the variationo of local charge 
density in the neighbourhood of ^ particular proton in the 
nucleus Further, these cor 3 elations iro conditioned by tho 
Pauli principle, finito si'se of nuclei and the two-p article 
interaction between tho nucleons Such correlations have 
been the sub;]ect of study for the last several years^ Only 

' 54_'57 

in recent years'^ ' from the analysi*^ of elastic electron 
scattering data for large momontumi transfers, it has become 
possible to learn about the short-range dynamioal correlations 
in nuclei 

Finally, mention may bo made of pi on as a probe of 

nuclear structure In recent years, the scattering as well as 

absorption processes of pion by nucloi have achieved somewhat 

greater success in comparison to the processes involving 

1 0 

ovhor strongly interacting particles , This is because of 
the fact that pion has several advantages over other elementary 
particles In comparison with a nucleon few points can bo 
noted (i) Pion is a boson of spin aero and oust like phobon 
it can disappear in tho final state of tho reaotionjt (ii) it 
can exist in three charge states 71:'^, 71:°, 71”*, (in) the pion 
mass IS about I/7 of the nucleon mass, whioh oauses smaller 
recoil corrections* These three points make the kinematics 
somewhat simpler (iv) Tho rolation of 7x-nuolear interaotion 
with ti-N interaobion soems to bo easily understandable than 
the corresponding relation for tho nucleon £L 1 those poinbs 
make the pion-nuclear processes calculable to a better 
approximation than the processes induced by the nucleon 
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Another advarLta^^o of pion 13 the fact that the tc-I 
interaction up to kinetic energies of bhe order of 3 OO MeV is 
much better understood than the W-b interaotion^^ At 
energies smaller compared to (3,3) resonance energy ('--'200 MeV 
laboiatory energy) the s-wave inberaction is important In 
this region, the elastic scattering of pions gives the infor- 
mation about it-nuclear optical pobential and (.he distribu- 
tion of nucleons in the nucleus Oince Tc-h inberaotion is 
rather weak at low energies, the impulse approximation may be 

used Ihus, a multiple scattering calculation provides a 

11 

good description of vory low-energy m-nuclcar interaction 
However, the validity of this approximation is questionable 
in the resonance region 

Studies of charge - exchange reactions of pions such 

as single charge exchange and double charge- 

exchange also provide Information on 

nuclear structure For single chargo- exchange reactions not 

much IS known experimentally Double charge-exchange 

reactions are of interest mainly for bwo reasons ( 1 ) One 

can produce the isobano analogue states corresponding to 

^^2 “ i ^ loam about the short range two- 

1 ? 

nuoleon oorrelationa in nuclei Unfortunately, the cross 
seotions obtained for this reaction are too small. 

It IS well known that the real pi on absorption in 
nuclei possibly occurs (1) at zero or low energies (free 
absorption) and (11) even at negative energies (bound orbits) 

A detailed study of the absorption of very low energy ( 30 Me?) 
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pions IS made by Eric son and Eric son on the ba&i" of 
multiplo scattering tbeoiy This approach lo UoOlul for 
dealing with overall absorption features such widths and 
shifts of the levels of m-mesic atom,'" Recenbly, eiperi- 
montal^-^ as well as theoretical^ aUempts have boon made 
bo study the single nucleon states in nuclei by means of 
free pi on absorption followed by singlc-nuoloon emission 
However, these attempts are still inpufficiont to provide 
further details of the nucleus for free pion absorption 
the energy of the positive pi on is somewhat 1 algor but well 
below bhe resonance energy The study of the absorption of 
bound pion is attributed bo m-mesic atom^ A negative pi on 
of several MeV energy brought to rest in matter is c[Uiokly 
bound in a low lying mesonic orbit by the Coulomb field of 
the nucleus In these orbits (particul-^rly in IS and 2P), 
the pion IS very close to the nuoleUo and the strong Yukawa 
interaction (m” + p -a n) quickly annhilates ib 

In order to conserve energy and momentum, bhe 
absorption of bound pions takes place by a nucleon in a 
correlated nuoloon-pair. This is because onO-e the pion at 
rest IS captured by the nucleus, it releases 159 6 MoV 
energy (the pion rest mass) in the nucleus If this much 
energy is given to a resting nucleon in bhe nucleus then that 
nucleon should come out with a momentum of about 525 Me?/c, 
However, since the Eermi momentum is only about 250 MeV/o, 
the one-nucleon-prooess is strongly suppressed As a 
consequence the dominant pion capture involves at least two 
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nucleons in tlie process Tho relative moim ntum, winch, is 
om-half the difference oC the acquired momonba of the 
nucleons in the pi on- capturing (pc) pair lu bhu^ about 
360 HeV/o It would correspond bo a lelative distance of 
about 051 (to be more aocuratej it should bo noted that 
some of the energy is needed to overcome the binding of the 
nucleons, and the kinetic energy of each omitted nucleon is 
only about 50 MeV which leads to a rclabivc distance of 
about 0 67 P) On the othc r hand, the rango of repulsivo 
ooro of the nuclear force is of the same order liius, the 
short-range nuclear oorielations would affect the pion 
capture in the nucleus 

In tho case of bound pion absorption, if one of the 
nucleons of the p c pair sbrongly scattered by the other 

iiuoleons loses too much of its kinetic energy to be emitted, 
then a one-nuoleon om^ ssion proooss’ would ocour More 
than two nucleon omission prooes^i is also possible if either 
tho p 0 pair of nucleons knock out some nucleons or the 
nucleus excited by thorn evaporates some nucleons However, 
there are now several experimenbal ovidenoes^'” which 
verify the emission of two-nuoleons following the TC~-oapture 
The nonradiative and nonmesonio two-nuoloon emission process 
is sometimes referred to as ‘“nucleonic capture^. In 
Chapter III we shall study this process in considerable 
detail Lastly, mention should bo made of radiative capture 
of stopped pion in complex nuclei, Ihis process, dynamically 
related to muon-capture, has recently saolded valuable 
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information, for the nucleus Fron the mcasuremont of high 

energy y-raj spectrum (of 71:’“ + p -~>n + y) it is found that 

this process amounts to 1-356 of the total capture rate^^ 

This ratio which is weakly dependent on bhe mass number A, 

*1 ^ 

IS fairly well explained by Delorme aiid Bricson’^ in terms 
of the impulse approximation and the Fermi gas model 

From the above survey following points can be 
noted ( 1 ) The two-nucleon correlation problem in nuclei 
may be attaokod through quite different mcanu such as 
K“-oapture, clastic and inelastic high energy electron 
scattering, double charge- exchange scattering of pions and 
Tc'-capture (n) Among the processes involving kaons and 
pions, tho nucleonic capture of pion seoms to be a very 
reliable method at present for tho study of these correlation 
effects in light nuclei In particular, our disoussi onfPill 
be focussed on the Hartroe-Fock theory which is used in 
other nuclear structure calculations In Ohaptor II, 
starting with Hartree-Fook charge distribution we study 
vaiious other models of nuclear charge distribution in the 
light of presently available elastic electron scattering 
data for light nuclei (A^16) Here we also discuss the 
effects of corielations in nuclear charge density 

In Chapter III, we study tho process of nuoleonio 

1 2 

capture of pions in complex nuoleij such as 0^ as a tool 
for testing the nuclear I tree-Fock wave functions In 
this chapter we also study various effects, in particular 
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■those arising from (i) short-range dynamical correlations, 
(ii) final state nuclGon-nucloon interaction, and (iii) final 
state nuol eon- nucleus intoraction on tho absorption rate 
Finally, in Chapter IV, we study ^no cattering of high 
energy muons on proton and trinuoleon systems ( H and He) 
The effects of non-nogligihle maion mass (compared to 
olt. ctron mass in electron scattering) in the scattering 
OIOSS section are studied in this chapter 



GHiiPTEE II 


CHARGE DISIRIBU'IIOH IE LTGHI EUCEBI 
MUlflGH ElERGY EIEOI ROE“ S’O AITER^ 


2 1 Introduction 

The elastic scattering of high energy electrons hy 

nuclei IS a source of most accurate ajid detailed information 

about the charge distributions in nuclei Theoretically, the 

scattering from a point nucleus wa^ first invostigatod by 
17 

Mott and later on, the effects due to finite nuclear size 
were studied by several authors A systematic and extensive 
experimental study of suoh finito size effects has been 
carried out by Hofstadter^^ and his collaborators^^” 

Since excellent reviews ’ ^ and books are now available 
on the sub;]ect, we shall not go into the details of earlier 
work The experiments on p- shell nuclei were performed by 

P2 

Meyer-Berkhout et al with improved and higher energies 
They have analysed their data by using various functional 
forms of nuclear charge dis bribution suoh as uniform, osci- 
llator, exponential, Eermi etc Orannell^^ and others^'^ have 
studied nuclei in the intermediate (A ^40) and heavy mass 
regions (A^160) Recently, moro improved data have been 
obtained for light^^*^^ as well as for heavy^"^ nuclei 

The end product of the elastically scattered elec- 
trons by an extended nucleus of charge Ze is a differential 
cross section Eor relativistic electrons, in the first 
Born approximation it is given by 
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dg 

dA- 


/ZG^ s ® 


.oos= e/2, 

T] sin^ 0/2 ' 


(2 1 ) 


where 0 is tho (laloratory) soatterins angle and cl is the 
J-momentiuii transfer giA/en loy"^ 

q = (2E/n) sin 0/2 (2 2) 

where E is the energy of the incident elootron (assumed to 

Tdg very large compared to the elocbron mass) p is tho recoil 

oorroction factor for tho nucleus and it is equal to 

1. 

(1 + (2E/1y[j) sin® 0/2)® In case when the mass of the 
nucleus, is very large 1 In eqn (2 1) the quantity 
E(q), the so-called nuclear ‘form factor^ or ‘structure 
factor^ , IS given by 


F(q) = ^^(n) ^ ^ d^r (2 5) 

1 e E(q) IS the Eourier transform of ?(r), the nuclear 
charge density which is normalized such that 

j*?(r) d“r = 1 (2 4) 

Alternatively, the quantity |E(q)|® is defined as the ratio 
of the experimental cross section to the point charge cross 
section 

Erom the angular dD stribution oC elastically 
scattered electrons, an important property of the nucleus 

■^We shall he using natural units h == c = 1 throiAghout this 
chapter 
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which, one extracts is the charge distrihution f(r) Por 
spherically symmetric charge dis bnoution, eqn (2 3) oan 
he written as 


CO 


F(q) = (4'n:/q) \ ?(r) r sin ( qr) dr (2 5) 

Another quantity which we come across very often al-ong with 
the charge distnhution is the root mean square (rms) charge 
radius Ihe mean square radius (the second moment of the 
distribution) is defined as 


<r®> = j S(r) r® d®r (2 6) 

no 

Only in past few years , it has become possible for 
spin non-zero nuclei that by measuring the cross section for 
elastic electron scattering at 180°, the information about 
the magnetic structure of nuclei can bo obtained The choice 
of a scattering angle of 180° comes from arguments based on 
time-reversal invariance and parity conservation It is 
shown by Pratt, Waleoka and G-riffy^® that only odd magnetic 
multipole moments contribute to the elastic soabbering cross 
section However, in this work we shall be dealing all the 
time with spin zero nuclei where the question of magnetic 
scattering does not arise 


In studying the nuclear structure problems by means 
of high energy eloctrons many theoretical models for the 
distribution of charge have been sUe.gcsted As such it is 
difficult to correlate the parameters obtained in such 
different distributions However, experimentally it is 
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pos ille to distinguijl "betwoen tht difxorent proposed types 
,of charge distra-hubiorLS llio di jtri'b'uti ons that arc most 
oommonly used to fit the exporimcntal data are (i) hermi 
distrihution (Woods-Sexozi typo) and (ii) harmonic oscillator 
distribution The detailed structure of these distributions 
will he described in sections (2 3) and (2 4) The I'ermi 
distribution gives satisfactory results for medium and heavy 
nuclei On the other hand, the validity of oscillator 
distribution is restricted only to light nuclei Another 
distribution which was first used by Helm^^ for medium mass 
nuclei is the ‘folded' distribution However, the results 
obtained for this distribution are found to be indistinguish- 
able from those obtained trom Fermi distribution For the 
use of other distributions we refer to the excellent 
reviews 

30 

Recently, Bathe and Elton have proposed another 

31 

charge distribution which is originally obtained by Bethe"^ 
in the extension of Ihomos-Fermi theory for nuclei The 
form of this distribution is 

= fo [l'“Q3cp( (r-R2)/a2)] ^ (2.7) 

where Rg and a 2 are parameters This distribution (like Fermi 
distribution) is not symmetrical aboub the half charge density 
radius However, it coincides with the Fermi distribution in 
region of steepest slope (the region where df (r)/dr has 
largest Vglue) and near r = Rg So far, this form of the 
distribution has been used only for a few heavy nuclei e.g 



18 


IQ 7 P08 

'Au It IS also used for PI after a littlt modification 

The form (2 7) takes somewhat largec values at the centre of 

the nucleus and gives smaller rms radius oompared ho the 

Fermi distribution Perhaps, for light nuclei this form oan 

he used after improving it for the exponential tail 

Thus, the main emphasis in analysing results on 
high energy electron scattering still lies on Formi and 
oscillator distmhutions In order to use thorn for deformed 
nucloi they must he modified for the quadrupolo as well as 
for other collective deformations. 

The choice of the best ^(t) is closely related with 
the choice of nuclear wave functions (particularly with the 
proton wave functions, if we neglect the finite size of the 
proton) Thus, the better the approximation of proton wave 
functions in a nucleus, the better will bo the charge distri- 
bution The nuclear wave functions are further derivable 
from the nature of nuclear forces In other words, the 
results of electron scattering pub a cheolc on the theories 
dealing with the fundamenbal nucleon-nucleon correlations in 
nuclei Kulkarni and Swamy^^ have used the charge density 
obtained from Brueokner's K-matrix theory^ ^ and they have 
compared the results with those obtained from electron scat- 
tering for ^*^0a nucleus. However, the agreement with 
experiments is poor Perhaps, this discrepancy arises from 
the marked nonlooality of the potential which Brucoknor ot al'^'^ 
have determined The effect of this nonlooality is also 
evident in the charge distribution. 
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I'rosah et have olo served the failure of the 

oscillator model for ^Ho nucleus at largo values of momentum 
transfer In Older to explain these results several 
attempts^"^'^^ have "been made by modifying the oscillator 
distribution for short-range repulsive correlations Further 
calculations based on similar lines, have been done for a 
few nuclei such as ^°0a, ^^0 and ^Li by other autnors^^’^^ 

In these attempts the correlations were treated in the 
Jastrow^^ approach, in which the normalization of the states 
becomes very complicated because the basis loses the property 
of orthonormality on the application of the correlation 
operator In the present calculations, therefore, a unitary- 
model-operator approach^^, which has recently been suggested 
by Shahin and Waghmare is employed. What they essentially do 
IS to derive an effective interaction starting from a realis- 
tic nucloon-nuoleon interaction We discuss this approach in 
detail in section (2 2) Ihe Hartree-Fook theory along with 
this effective interaction provides satisfactory results fox 
the closed shell nuolei^^*^^ Ihls is because of the fact 
that it provides wave fimotions which are calculated in a 

42 

self consistent manner Further oaloulations have been done 
for ^He, ^Be, ^^0 and ^^0 nuclei In these calculations we 
have included the corrections due to Ooulumb effects and 
centre of mass motion in a self consistent manner These 
nuclei satisfy the conditions of spherical Hartree-Fook 
(except for ®Be) i e, in the shell model picture their 
occupied and unoccupied orbits are well separated and the 
concept of sharp Fermi sea is valid In. this work we desire 
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to study the charge densities obtained from the Hartree-fook 
(in') theory In the next section we give the in' charge 
distributions for the above mentioned nuclei along with a 
brief description of the theory In section (2 3) these 
charge distributions are compared with the observed results 
of electron scattering and also with other models of charge 
distribution proposed for each nucleus 

Further, in section (2 4) attempts are made to 
correlate the parameters of the Fermi and oscillator disbri- 
butions in the limit of small momentum transfer. The charge 
distributions obtained from various theories are compared 
(particularly for ^e) in section (2 5) In this section we 
also suggest a simple model for nucleus In section (2 6) 
we discuss our results based on the comparison between calcu- 
lated and experimental observations (sections (2 3) and (2 5)) 
for various nuclei 

2 2 Hartreo-Fock Charg e Pis bributio n 

In solving the nuclear structure problems one always 
comes across the method of approximations This is because 
of the fact that nucleus is a many body system and the exact 
nature of nuclear forces la still unlcnown The Hartree-Fook 
(HF) method, which has recently been used in nuclear structure 
studios, IS based on the method of successive approximations 
For the sake of comploteness and later on, to have somewhat 
meaningful discussion of the results wo shall briefly review 
the HF theory used in the present calculations. The details 
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oaJL be found in ref erences^^"'^^ In later part of this 

section we shall only concentrate on the charge distributions 

obtained from HF theoiy and for othox properties of the nuclei 

42 

considered we refer to referenOe 

The unitary transformation^^ v^hioh gives an effec- 

fS.> 

tive intraotion H from a nude on-nucl eon interaction is 

V 39,40 
given by^ ^ 


"h iS tt -iS 
H = e He 




npl 2 ^ 1^2 ’ n^hgn^n^ "1 '"2 




X (t^ + tg + + Ug + ®' 


-1 S 




(t^ + tg + 

(2 8 ) 


where t is the kinetic energy operator and \2 the 
nucleon-nucleon interaction which may or may not be singular 
For "V^pg, the Tale potential in which a hard core is assumed, 
IS used The potentials and Ug are used to generate 
single particle nuclear wave functions. In order to simplify 
the calculations, the form of (i = 1,2) is taken to bo the 
harmonic oscillator potential i e = -^ kr^ The operator 

S IS assumed to induce central short-range two-body corre- 
lations in the two particle wave functions as 


where s are the unperturbed and ^^s are the correlated 
wave functions respectively occurring in expression (2,8) 



?2 


For some states of tho "ialc potential it is ncoessary to 
nso a pseudopotential (a square well typo) YSp in order to 
separate the long range and short range parts of the nucloon- 
nuoleon interaction In that oaso the intoraotion potential 
oan he written as, 

\2 = ^^12 + ’^) + (^{2 - W) (2 10) 

Ihe separation of into those two parts is then aohioved 
hy solsTLng the following two equations, 

and {t 3 _+tg+nj_+D 2 ) 

Using eqns (28), (29) and (2 11) we obtain the effective 
inter action as, 



(2 12 ) 

wherein the diagonal terms of the tensor force are inclu- 
ded in the central part leaving only the of f-di agonal 
terms v^, to he determined However, the second order berms 
in Vg^ contribute considerably to the nuclear binding and so 
do the second order terms in the pseudopotential TP These, 
therefore, must be included in (2 12) Thus, the general 
two-body effective interaction becomes, 
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where Q le the Pauli operator and e is the appropriate 
energy denominator, The matrix elomonts for the Yale 
potential, hy using expression (2 15) are oraluated hy 
Shahin et for various states of relative angular 

momentum 


In the HP method along with the effective interac- 
tion (2 13), finally, one is left v;ith the following 
45 

equations which arc to he solved, 

4lt|^ + <^|U|^ = (2 14) 

where the HP potential H is defined as, 



Here is the potential energy term in the expansion 

(2 13) Ihe correlated basis functions are expanded in 
terms of the harmonic oscillator functions as, 

^(r) o“ 9j^(r) (2 16) 

n 

cx 

where c^ are expansion coeffiGionts sometimes called as 
^mixing coefficients* Substitution of (2,16) in (2.14) 
yi elds 
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^_[<n|t|n> + <(h|Ul^] o“,= e^o“ (2 17) 


where <n|u|^ ^ 


with, the prohahility density (density matrix) 






(2 18) 


whore sum over y 3:uns over occupied states only If we 

restrict ourself only upto proton orhitals and correot the 

coefficients o>s (which are to he detorminod in a self 

consistent manner) for the Ooulumh force then, 9 from 

y p[i 

(2 18) will give the charge density (now on denoted as HF 
charge density) 


We further assume spherical nuclei Then the 
single particle states have good angular momentum, and are 
diagonal in i? , j and independenu of m (the z-progeotion of "o) 
Thus, using c^s which are determined in a self consistent 
manner, the correlated single particle wave functions 
from (2 16) can he calculated for proton as well as for 
neutron orhitals 


The HF charge distributions obtained from above 

calculations are shown in Fig (21) for light nuclei such 
4 8 12 16 

as He, Be, 0 and 0 They are very much similar to 
those obtained from the electron scattering experiments^^ ^ 
except that they have a long tail^ In case of ^^0, a central 
depression of charge density is also observed in HF results 
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For ^He the HI' charge distribution is compared mth the 
results of Tang and Herndon^^ in Fig (2 2) They have 
modified the ^He wave functions foi the short-range nucleon- 
nucleon forces It IS clear from Fig (2 2) that the HF 
results are in somewhat better agreement with experiments 
compared to the results of Tang and Herndon for = 0 6 F, 
where r is the hard-core radius (see section (2 5)) The 

G 

*1 

HF results for °0, are compared in Fig (2 3) with the 
results obtained from tho Brueckner^s K-matrix theory 
Tho Brueokner- charge- density for 0 falls somewhat faster 
with r compared to the HF charge density and is mostly 
accumulated near the centre of the nucleus 

In the next section we compare HF results mth the 
experimental results of electron scattering 

2 3 Pomp an son with tho Results of Electron Soattering 

The success of a theory dealing with nuclear wave 

functions also depends on how far it can reproduce the 

results of high energy electron scattering. This is because 

the form factor F(q.) (the Fourier transform of charge 

density) is directly related to the scattering cross section 

(of eq^n (2 1)) Although the form factor F(q) in eqn 

(2 b) have been nrfeegrated numanioally , in order to know 

tho equivalent parameters for HF distributions we have fitted 

them with standard models For this purpose, the HF charge 

4 8 1? 

distnbutions for He, Be and C are fitted with the 
two-parametei Fermi model 
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FIG 2 Q. Compartflon of charge deneitles for ^He The solid line shows the HF 
results the dashed and dot-dashed lines show the results of Tang and 
Herndon (ref* 34) corresponding to r^. * 0 6 F and r,, * 0, 5 F respetstively 
Experimental points are from Frosch et al (ref 29)* 
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5(3:) = Cl + exp( (r-c)/aQ)] (2 19) 

whore 0 IS the half charge denaity radius (defined as the 
distance from the centre of the nucleus to a point, where 
the density reduces to half of the value at the centre) and 
Eq IS a parameter related to the slcin thickness t (the 
distance over which the density decreases from 90 'ybto 10% 
of it’s maximum value) ly the relation t = 4 4 The 

three-parameter Permi model, 

^(r) = |^(l+wr^/c’’ ) [l+exp( (r-c)/a^)] (2 20) 

1 

is used to fit the charge distribution of 0, where w is a 
measure of the central depression of charge density In the 
model (2 20), there is no simple relation between t and 
as IS the case with model (2 19) Lihe tho earlier results 
of electron scattering ’ ^ from p- shell nuclei, v/e have not 
used the oscillator model which is given as 

?(r) = 2 b"^(2+3a)'“^ (1+ar^/b^) exp(~r^/b^) 

(2 21 ) 

where b is the osoillator parameter and a = (Z - 2)/3 This 
IS due to the fact that it does not have a long toil while 
the HP charge distribution does have a long tail (see also 
section (2 2)) The values of tho parameters obtained by 
fitting the two distributions (2 19) and (2 20) to the HP 
results are compared in Table (II 1) with those obtained by 
fitting the two distributions directly to the experiments 
(for all the four nuclei) Using the results of ref erenoe(49) 
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irmE II ~i 

Tlie values of eq.uivalGUt parameters (of Permi 
model) obtained for HE charge distribution. 


Huc- 

leus 


llcr^XP) 

c(P) 

t(P) 

other 

parameters 


HP calculations 

1 77 

1 18 

1 76 


"’"He 

Experimental® 

1 67 

1 32 

1 45 

- 


other authors®' 




- 

®Be 

HP calculations 

3 47 

1 42 

2 20 


Experimental (^Be) 

2 50 ^ 

1 80® 

2 00® 

- 

12q 

HP calculations 

2 85 

2 10 

2.33 



Experimental 

2 54 

2 24 

2 20 



HP calculations’^ 

2 58 

2 55 

1 78 

0^=2 16 P, 
a^=0 4 PjW»0 68 

16q 

Experimental® 

2.64 

2.60 

1.90 



other authors^ 

2 41 

2 55 

1 70 



a Seo Table (II 2) 
b Meyer-Berkhout et al (ref 22) 

0 Hofstadtor (ref 19) 
d Brueckner et al (ref 33) 

G Prosoh et al (ref 25) 
f Bemheim ct al (ref 26) 
g. Elton (ref 20) 

+ The definition of gt is similar bo that of c, but their vaj^Ues 
differ because of the asymmetry of the skin at r - o in the 
HP charge distribution 
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for the integral with Fermi distribution, the form factor 
F(q_) and the scattering cross section (da/d-it.) ane oalculated 
analytioally for these nuclei hy using eq.ns (2 5) and (2 1) 
respectively 

PR 

Recent experimont^j at large values of momentum 
tiansfer indicate clearly a deviation from the Gaussian 
model for %e and show a diffraction minimum at q_® = 10 
The caloulatod form factor F(q_) is shown in Fig (2 4) 
along with the experimental results of Frosoh et al The 

RA 

results of Ozyz and Lesniak who have oalculated the charge 
form factor with the lowest order correotion to the unoorre- 
lated ground state density are also shown in this figure 
From this figure it can bo noticed that though the agreement 
of our results with experiments is almost as good as that of 
Ozyz and Lesniak, it is better than that of lang and Herndoi^'^ 
who have made estimation with the Jasbrow correlation length 
of 0 6 F 

No experimental information on tho charge distri~ 

8 47 

bution of Be is available^ As shown in Table (11,1), 
the HF results predict the rms radius as 3*47 R ahd half 

Q 

charge density radius c = 1 42 F for Be Tho scattering 

cross sections at E = 410 McV are shown in Fig (2 5) from 

0 = 32*^ to 82° The HF resiflts predict a diffraction minimum 

at 9 = 80° for ®Be Further, in Fig (2 6) the predicted 
8 

results for Be, are compared with the experimental 

Q 

scattering cross sections on ^Be at E - 300 MeY The 
results are in satisfactory agreement Thus, the correlations 






FIG 2 4 Form factor for %e Tho solid curve represents the HF results i 
the dashed curve represents the results of Tang and Herndon (ref 34) 
for r^ » 0.6 F, and the dot-dashed curve represents the reshlts of Cay* 

and Lesniak (ref 34) Experimental points of Frosch «t al (ref 25) are 
shown with errors. 
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FIG 2 6 Comparison of Hartree-Fock and experimental (ref 22) cross 
section for ^ Be at E 300 MeV 
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induced in the proton wive fimotions due to the presence of 
an additional neutron aro negligible 

For ^^0 and ^^0 nuclei, the HF results it E = 420 
MeV along with the experimontal points are shown in 

1 ? 

Figg> (2 7) and (2 8) rospeotively form fictor of 0 

nucleus obtained from our calculations along with the results 
of Giofi hegli Atti^^ who has inclufTed the effects of oorre- 
lations are shown in Fig (2 9) However, the agreement is 
somewhat poor For HF results, the diffraction minima are 
shifted (by about 4° for and 2° for ^^0) towards the 
larger scattering angle It is clear from Table (II 1) that 
for HF calculations tho rms charge radii aro somewhat larger 
and half charge density radii are somewhat smaller than those 
obtained from electron scattering data using tho conventional 

"I ^ 

models The value of the rms radius of °0 is somewhat 

5 5 

better than that obtained from Brueohnor theory 

2« 4 Oscillator and Fermi Models for Charge Distribution 

As mentioned earlier, the distributions that are 
moat generally used are the oscillator distribution for 
light nuclei (A ^16) and the Fermi distribution for medium 
and heavy nuclei (A^ 16) In last few years, several 
attempts^® have been made to use the Fermi distribution for 
light nuclei in order to systematize the results on electron 
scattering for all nuclei The fact that the Fermi distri- 
bution could also repti^duoe the results for light nuclei, it 
seems that these two models should have some vital features 
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in oommon Particularly, as v/e see lelow these two models 
can be correlated in the limit of small momentum transfer 
In the first part of this section, we derive a general expre- 
ssion for the form factor of a spin zero nucleus in the 
single particle shell model picture In the later part a 
relationship between the parameters of these two popular 
models of nuclear charge distribution is established 


2 4a form FaOtor for Osoil latoi D istributio n 

If we start filling up bhe single particle shells 
0 ^, op, od, etc with protons, then, for a spin zero 

nucleus with Z protons the charge density can be written as, 

J%ax ^"'n g 

?(r) = (2itZr^)“^ ly / (2 i^+1) (^) + 

n=o 

+ i A (r)^ ] (2,2?) 


where 







fuotions^ , n and are the 
angular momentum quantum nos 


of harmonic oscillator wave 
usual radial, and orbital 
respectively (N and correS' 


pond to the last filling orbit), and 1^ is the maximum value 


which can take for completely filled orbits The factor 
2(2 + 1) in (2 22) gives the number of protons in Jl^- 


orbit In practice, ae long as the validity of this model ^ 
is concerned, n does not exceed the value 1 for most of the^ 
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nuclei We, therefore, write (2 22 ) for this simpler case in 
the form 

^1 

(2 1!+1) %(!•)' +^(2i+l)Il^j^(r) + 

i?=o 

+ (r) ] (2 23 ) 

ii 

where N = 0 or 1 (depending upon the last filling orhit), 
and 1 ^ and L-^ are the mai.imum values which ^ can tafce for 
n = 0 and n = 1 respectively 



For the spherically & 3 nnmetric charge distribution 
(2 23 ) » the form factor with tho help of ( 2 * 5 ) can loe written 


as, 


I'((l) 


I I ^ (2i>+l) 




(2je+i) 


T^o 




(2 24) 

where 


* N^j^r(i+3/2) ^y^(i+3/2, 5/2^ -qaV4) 

* N=_jP(i+3/2) Tj2i+3 [^s^(^+3/2, 3/2, -<ia“/4) + 

(2 Jj + 3 ] 1^1 f 5/2, -q.^'b^/4) ^ 

-2 ]_I'j^(J?+5/2, 3/2, -q'bV4)] 


where (a> g, z) is the confluent hypergeometric function, 
normali 2 ition constant of harmonic oscillator 
fuctions and the oscillator well ps^rameter b - Y^/m 4 > , 

The formula for solving such integrals is given in Appendix L 
For p-shell nuclei the expression (2 24) reduces to a 
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well known form^^ 

P(q) = [l-| a(i®b^/(2+3a)] exp(-q_^'b^/4) (2 25) 

can 

where a = (Z~2)/3 In general oni^ choose different osci- 
llator parameters h for each shell in (2 24) For example, 
the result for d- shell nuclei is 

^d- shell I + (5-i exp(-q^h|^/4) + 

+ i(Z-8)(l-i ^ qA^) exp (-q®h^/4) ] 

(2 26 ) 


2 The Relation Between Harmo n ic Oscillator 

and Fermi Model 

The form factor for two parameter Fermi model 
(under the assumption that the skin thickness is smaller 
than the half charge density radius) is given by^^ 


Pp(a) = (^TT^^^cjOaQ/q) [{na^/o) sin(qo) cosh(TT;qaQ)?<' 

)(. ooseoh^ (TrqaQ)“COs(qc) cosechCmqaQ ) ] (2 27) 


In the limit of 
Fj,(q) = 471 


small q this can be rewritten as, 

l-lf 

(2v+1T~ '-( 2 ^+ 3 ) + 



t>=o 




(2 28) 


where are the Bernoulli niMbcrs, D= is the differential 
operator, and y = 0 /% The condition that the second term 
in the bracket be nonvanishing is (2 2/+3)^2p Eqn (2 28) 
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oaxL be expressed in a series form, 


Q.) “ -A-q - - A^q. + 


(2 29) 


where A’s are fimctions of o and a^ I'lrst few of these are, 

Ao = (An^^Q/ 3 )(n^ ) 

Aj_ = (4TTfoC/90) 

Ag = C 4 tc fQo/ 2520 ) (^iTc^a^ + 497t^aJo^ + 2l7i:^aQc'’' + 5 o^) 


A^ = (4itfQc/226800)(38l7r^aQ + 6207T;°a°c® + 29TT:^aJc'^ + 

+ 60TC®aQO^ + 5c^) 

Aq "1 A**] ^ A^ “I 

Now, we suooessively assume th-^b -j- = -^ (~i) » - XT ^ 

X ( 7 -=)^, then, the series (2 29 ) can he expressed 

■^0 

immodiately in a G-aussian. form 


6 6 


.4„4„4 


E'pCq.) = 5 'g(( 1) 
q.H>-3mall 


A^ exp(-hJq®/4) 


where 




(2 30) 


(2 31) 


Ihe ratios A^/A^, Ag/A^, . eto, are oaloulated 
for %e and it is found that the error involved in these 
approximations is <;" 10% In fact, the HP charge distri- 
hution^^ for ^e is also fitted with a Gaussian form hy 
choosing proper cut-off at the tail and the expression 
(2 31 ) is verified for the following set of parameters 

h^ = 1 42 P , 0 1 18 P, a^ ^ 0 4 S' 

Now we extend this correspondence between the 
parameters of these two models for p- shell nuclei Prom 
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the TZLalysis of the results of high energy electron scatter- 
mg, it IS now well known that the nuoleons of s-orbit 
move in different osoillator potential than those of p-orhit 
(hp 7 ^ ’fc'g) By using this faot, the form factor (2 25) for 
p- shell nuclei can he written as 

\ 0 2(2+3a)“^[exp(-h®(i®/4) + 

+ ia(3-iq^hp exp(-h^qV4)] (2 52) 

where h^ and h^ are the osoillabor parameters for s- and 
p-orhits respectively By expressing (2,32) in the form, of 
senes expansion (2 29) for small q, and then comparing the 
coefficients of the two series up to term, after a simple 
calculation we ohtam the relations 

X .2 _ 146±3/ 2a ( 25aY-76^+14Y ) _ 5a6±f 2a ( 25 ccy-76%14y) 

^s gtltstlT) % '■■a''®S+14) 

(2 33) 

where 6 = 4 Z A-j^/Aq, and y “ 32 Z A2 / If one assumes 
hs ~ hp = hg and uses a as a parameter'^, then the relation- 
ship between the parameters of two models becomes 


b^ = [6 + V'6 ®~y2]/Z , a 


2f6^-Y.Z (5 lf6^-YZi:26) 




(2 34) 

It must be noted here that the error involved in 
getting (2 33 ) and (2 34) is much less than that involved in 


■f The choice of a as a parameter, as it is assumed by some 
authors (ref 22) is arbitrary In that case, the error 
involved in approximating (2 32) in the form of (2 29) 
for small q, is reduced 



4-4 


getting (2 31) Beoeuse, in order to calculate the two 
parameters of (2*32), we hare equated the coefficients only 
up to terms in (2 29) for sm^ll q and error arises from 

q and higher power terms in (2 29) only Bor C nucleus, 

the relation (2 34) is checked for the follovang set of 

p 2 

parameters given in reference 

bg = hp = 1 637 B , Uq = 0 5 P , c = 2 24 P 

If wo assume b pb then, the relation (2 33) predicts 

ir ^ 

b = 1 312 P, b = 1 832 P for nucleus (in fact we 
» P 

obtain two values for each b® , b®, b^ and a However- it 

s p ^ 

IS reasonable to assume that b^pO, a P 0 and b^) 

The form factors for the two models, calculated with the 

1 2 

above set of parameters for 0 are shown in Pig (2 10) 

Thus, we see that the larger the number of para- 
meters in Pj^ ^ (q)> "the lesser will be the error involved in 
extracting these parameters from (2 29). The number of the 
parameters in P^^ ( q) can be increased further by writing 

it for a heavier nucleus and choosing different oscillator 
parameters for each shell In other words, for heavy nuclei 
(no matter whether q is small or large ) \ 0. (q) becomes 
Pj,(q) This justifies the validity of the Permi distribu- 
tion for heavy nuclei 

The recent results of Prosoh et ol^^ show that the 
oscillator distribution does not provide satisfactory 
agreement with experimental results for ^He at large values 
of momentum transfer Ou.r calculations with two-parameter 
Permi distribution show that one can still obtain the observed 




FIG 2 10 Equivalence of the Fermi and oscillator models for in the limit 
of small momentum transfer 
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2 5a A Model for '^He 

As mentioned in tiie list section, for large g. tlie 
osoillator distribution can also be used by increasing the 
number of parameters. Recently, tbe calculations are done 
by Obou^^ by choosing the difference of two Giussian forms 
and hence by increasing the number of parameters in the 
oscillator distribution Here v^re shall usQ'“ a distribution 
of the form 


?(r) - ^^(r) + er (d /dr) ^^(r) (2 55) 

where ^ 0 ( 2 ^) = fo usual Gaussian distri- 

bution and e IS a parameter The choice of this distribution 
IS based on the cntenan that for ^He being a spin aero 

nucleus, at large momentum transfers the second term would 

4-6 

provide a density fluctuation 

How, for foCr) as a Gaussian form, after proper 
normalization (2.35) becomes, 

$(r) = •n;'“^/^bJ^(l-3e)’”^(l-2erVl3i) expC-rV^^J) (2 36) 


which IS similar to the distribution of p- shell nuclei (see 
eqn ( 2. 2l )) with negative a fhua, the introduction of 
second term in (2 35) increases the constant central part of 
charge density (of. Pig (2 11)), which is observed by Proach 
et al^^ The form factor and rms radius corresponding to 
(2 36) are given by 


P(q.) = [1 + 


cq.^b^ 

2(l-3e) 


/ 


-^iiV4 


, ^<T^> = b;j_ 


rmrle)-,^ 


(2 37) 



p Cr)/2e (f 
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f-IG 2 II Charge density for '^He obtained for the slrhple model (eqn (Z 35)) 
for two sets of parameters Curves denoted by 1 and 2 are corresponding 
to the first and the second terms of eqn (2 35) for 6 = -0 Z3| - 1 22 F 

Experimental points are from Frosch et al (ref 25) 
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The results ohtained for this model are shown in 
Figs (2 11) and (2 12) along with the experimental points 
The results are obtained for two sets of parameters given 
in Table (II 2) The form facior, as it is clear from 
fig (2 12), agrees fairly well lor small values of momentum 
transfer f""^) However, the agreement is somewhat 

poor for large values of for the saho of comparison 

the results obtained by Jain^^ with Irving wave funotions^"^ 
and velocity- dependent potential, and by other authors are 
given in Table (II 2) Our result are in somewhat better 
agreement with experiments than Jain’s results In parti- 
cular, the results corresponding to e = -0 23* = 1 22 f 

are in fairly good agreement with experiments for this 

case the contribution from each term of (2 35) is shown in 
fig (2 11) 

2 5b Jastrow Method Oompar is on with Hf Results 

In the Jastrow method^® one writes tho correlated 
nuclear choge density in the form 

= |§(?3_,r2. f] [l-f(r^j)] 

i< i 

(2 38 ) 

where A is the number of nucleons in the nucleus, ^ is the 
uncorrelated ground state wave function (shell model wave 
function) The function f (r^p inbroduoes correlation of 
the (i,j) pair of nucleons at small distances r =ir -r | 
and satisfies the boundary conditions 

f(r^^)~^0, for f(r^^)-^l, for 0 



bi=t 18F,e--0 24 
bri 22F, 23 


Form factor for He obtained for the eimple model 
(Eqn (2 35)) for two sets of parameters Experimental 
points of Frosch et al (ref 25) are shown with errors 
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when we expand the product in (2 58) we get 




’-a) 




1<D 




(2 59) 


various terms in this senes are corresponding to the contri- 
butions of different number of correlated pairs (no correlated 
pairs, one correlated pair, two correlated pairs etc ) 

I'or electron scattering, we usually retain the series 
corresponding to the one correlated pair term and the forms 


of f(r ) chosen very often are, 

± J 


J 

s 13 


-pr; 


ID 




e 


■p[(3:^jAo) -1] 


which are corresponding to the repulsive soft and repulsive 
hard cores between nucleon-nucleon forces respectively Ihe 
q_uantities p (the so called ‘correlation parameter’) and r^^ 
(correlation length) are determined by fitting the experi- 
mental results 

Using the Jastrow method, the form factor of ^He 

IS calculated by several authors^^*^^ The methods of these 

authors differ either in the choice of various correlation 

fuctions of in the choice of including antisymmetrizatlon of 

the wave function of alpha-particle. Some of these results 

are compared with the HI? oaloul "^tions in iPig (2 4-) Overall 

comparison shows that the H5' results are in better agreement 

34 

with experiments than those obtained by Tang and Herndon-^ 
and Gzyz and Leaniah^^ However, a little disorepanoy arises 
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in tho region of diffraction minim-um The results of Czyz 

Q 

ond Lesniah show the diffraction minimum at = 10 Sf 

n 

while HF results show at q_^ = IIF" against fehe experimental 
result at q® = 101'"'^ 

Tho calculations j after including the Jastrow 
correlation as well as bhe effects of antisymmctrization in 

36 

the nuclear wave function are aloO done by Oiofi Degli Atti-^ 

12 

for 0 nucleus He has made explicit oalcuhations for Lhe 

correlated part of the form factor in the shell model scheme 

However, he could not get better agreement for q^3l'" (see 

lig (2 9)) He has further extonded^'^ his calculations 

16 

for li The effects of Jastrow type correlation in 0 
charge density have not yet been studied 

Another way of introducing correlations in the 
nuclear density is the following 

^ (240) 

How, if we expand further tho squaieof the product in the 
right hand side, it reduces to a similar senes as (2 39) 

Up to one pair term, this gives identical results as 
obtained previsouly from (2 3®) except a slight modification 
for the correlation parameter p The difference between these 
two ways may arise when one includes the contribution of many 
pair terms in the senes 
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2 6 C omments suad Di scussion Re sul t^s 

For the large values of momerftum transfer q, the 
results of elastic electron scnUoring are fairly well 
explained hy introducing the short range dynamical correla- 
tions in the nuclear charge di&urihution The Jastrow 
method, a usual way of introducing the correlations, seems 
to he the special case of general unitary transformation 
approach discussed in section (22) Though, the HP calcu- 
lations are somewhat difficult for heavier nuclei, they have 
several advantages over the Jastrow method Firstly, there 
IS no correlation param^eter to fit with the experiments 
Secondly, the problem of orthonormality of the correlated 
wave functions, which complicates the calculations does not 
arise ¥e expand the correlated wave functions in terms of 
harmonic oscillator basis (of eqn (2 16)) The determina- 
tion of the expansion coefficients c*s in a self consistent 
manner is the main criteria to ;]ustify the significance of 
the present HP method 

12 

As mentioned in section (2.3) (particularly for 0 
and °0) though the agreement bobween HP results and the 
experimental values is not excellent, these calculations 
provide fairly good binding eneigi es^*^“^^ Besides, it is 
clear from Pigs (24), (2 7) and (28) that the HP results 
show a little shift, IP”^ (about 6° at E = 420 MeV) for %e 
4° for ^^0 and 2° for ^^0, of diffraction minimum towards the 
larger angle side A similar shift of diffraction minimum 

O 

IS also expected in case of the predicted results of Be IIP 
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results also show a shift of shoulder of the curve towards 
the large scattering angle In thu region, tho agreement 
with experiments is somewhat poor These discrepancies are 
not surprising The wave functions used here to caloulate 
the charge density are obtained for sphencal Hartree-Fock 
In this case the correlated wave function is expanded in 
terms of harmonic oscillator basis and the surxmation is rest- 
ricted over only radial quantum number n (cf eqn (2 16)) 
However, different unoocupiGd /-orbitals may also contribute 
and consequently improve the results In other words, the 
skin part of the charge distribution is not properly treated 

in these coloulationa Nuclear structure calculations with 

n 12 5 5 

ii;-mixing for C have recently been done by Pal and Stamp 

However, they have nor calculated the charge distribution 

The HP calculations for medium weight nuclei using the same 

technique and Yale potential matrix elomonts are done by 
56 

Grunyo The charge distributions obtained by Gunye for 
medium mass nuclei arc in fair agreement with the electron^ 
scattering results 

In Brueoknor’s K.-matrix theory the two-body non- 
local correlation is relatively stronger near the centre of 
the nucleus and its state dependence causes to pull the wave 
functions in That is why, the charge is mostly accumulated 
near tho centre of the nucleus (cf Pig (23)) On the 
other hand, no extra non-local character of the interaction 
IS used in the present calculations except that, a part 
which IS automatically included in the HP method due to tho 
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antisymmetry of the wave functions It shows that the non- 
local nature of the nuclear forces is not as stronger as in 
Brueokner theory 

In section (2 4) we have ostahlishod the relationship 
between the parameters of two important models namely, the 
harmonic oscillator and lermi distributions However, this 
relationship is still restricted for small values of q. By 
increasing the number of parameters in a definite way, the 
use of oscillator distribution ^^t large values of q_ is 
justified One immediate example is the use of correlation 
parameter p in the oscillator charge density for large 
values of q_ and for closed p-shell nuclei, the failure of the 
usual oscillator distribution is of immediate prediction on 
the basis of the results obtained In section (2 4) for 
example, the constantly improving experimental techniques 
should m^e it possible to observe other diffraction minima 
in the form factor of ^^0 (cf fig (2 10)) at large q 
Mathematically, it is obvious that f q (q.) ih the form of 
(2 32) will not be able to explain them However, fermi 
distribution will be helpful, because of the occurring periods 
functions in tho expression of fj,(q) 

finally, mention should be made of the success of a 
simple model, described in section (2 5), for ^e Thn s simple 
model gives somewhat bettor results oompared to the results 
obtained by Jain^^ (of Table (II 2)) using Irving^'^ wave 
functions By comparing figs (2 4) and (2 12) it can be 
easily seen that the overall behaviour of tho form factor 



